Abstract: This paper introduces a new type of filter approximation method that utilizes shifted-modified Chebyshev filters. Construction of the new filters involves the use of shifted-modified Chebyshev polynomials that are formed using the roots of conventional Chebyshev polynomials. The study also includes 2 tables containing the shifted-modified Chebyshev polynomials and the normalized element values for the low-pass prototype filters up to degree 6. The transducer power gain, group delay, and impulse and step responses of the proposed filters are compared with those of the Butterworth and Chebyshev filters, and a sixth-order filter design example is presented to illustrate the implementation of the new method.
Introduction
There are numerous types of filters and design procedures [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] , and in the design of low-pass filters, the amplitude approximation to the ideal normalized amplitude response is the most commonly used method. The ideal normalized amplitude response can be described as follows:
This expression can be approximated by the following amplitude function:
where n is the filter order, P n (ω) is a polynomial of degree n, and ε is a filter parameter.
If a filter has a maximally flat amplitude characteristic, then it is referred to as a Butterworth filter, for which P n (ω) = ω 2n . However, if a filter has the maximum possible attenuation for the given variation in the pass-band for the amplitude function, then P n (ω) = T 2 n (ω), where T n (ω) is the Chebyshev polynomial of degree n [14] . If a linear phase response is desired, a Bessel filter is known to be the best choice [15] . In this case, P n (ω) is based on the Bessel polynomials of degree n . If the greatest possible cutoff rate for the monotonically decreasing amplitude is desired, then L-filters must be used [16] . For L -filters, P n (ω) = L n (ω 2 ) , where
is a polynomial of degree n obtained from a linear combination of Legendre polynomials. * Correspondence: msengul@khas.edu.tr
None of the filters mentioned above provide strong results in terms of the amplitude, phase, impulse and step responses. In choosing a filter, these 4 responses must be taken into consideration. For example, the Chebyshev filter has poor phase, impulse, and step responses, but has a good amplitude response. On the other hand, the Bessel filter is not suitable as a low-pass filter, but its phase response is optimum. The phase response of the Butterworth filter is better than that of the Chebyshev filter, and the amplitude response is better than that of the Bessel filter. On the other hand, the Chebyshev amplitude response and the Bessel phase response are much better than those of the Butterworth filter [17] .
For equiripple pass-band and maximally flat stop-band response, Chebyshev filters are used. They have very sharp insertion loss characteristics around the cutoff frequency and the Chebyshev approximation has the lowest complexity and the steepest cutoff outside of the pass-band. No other polynomial has these optimum properties [18] . As a result, it is still the most common amplitude approximation used by filter designers, although the Butterworth approximation is much simpler mathematically.
The proposed filters can be considered as a new kind of transitional Butterworth-Chebyshev filter [19, 20] , since the properties lie between those of the conventional Butterworth and Chebyshev filters, as can be seen in Section 3. The poles of a transitional Butterworth-Chebyshev filter are a mixture of the poles of the conventional Butterworth and Chebyshev filters. However, in our approach, we utilize a new polynomial set, which is based on the roots of the conventional Chebyshev polynomials for chained-function filters [21] . This approach can result in various transfer functions having the same order, but different steady-state and transient characteristics. This filter type has practical advantages in rectangular waveguide and microstrip technologies [21] [22] [23] .
The next section first explains the rationales for the proposed approach. After providing tables that present shifted-modified Chebyshev polynomials and element values for low-pass shifted-modified Chebyshev filter prototypes up to degree 6, this section draws comparisons between the transducer power gain, group delay, and impulse and step responses of the proposed filters with those of the Butterworth and Chebyshev filters. This section also describes a model for a prototype filter.
Rationales of the new approach
The proposed filter type can be considered as a compromise between the Butterworth and Chebyshev approximations.
In the proposed approach, the polynomial P n (ω) in Eq. (2) is formed using the roots of lower-order conventional Chebyshev polynomials. For instance, to be able to obtain a polynomial of degree 6, the roots of the conventional Chebyshev polynomial of degree 3 can be used with a multiplicity of 2. Clearly there are numerous possibilities to obtain a new polynomial of degree 6, and naturally all of these polynomials have conventional Chebyshev polynomial roots. The mathematical details can be found in [21] .
For instance, let us form a polynomial of degree 6 using the roots of the conventional Chebyshev polynomial of degree 3, which is T 3 (ω) = 4 ω 3 − 3 ω , with a multiplicity of 2. The roots of this polynomial are 0, 0.866, and -0.866. If these roots are used, the following polynomial of degree 6 is obtained:
(which is the fourth modified Chebyshev polynomial of degree 6 seen in Table 1 ). The conventional Chebyshev polynomial of degree 6 is T 6 (ω) = 32
Filter characteristics
There are several characteristics that describe a filter's performance. The insertion loss and group-delay responses are the most important steady-state frequency domain responses. Moreover, there are several important transient responses, such as the impulse and step responses.
If the magnitude-squared frequency responses of the proposed filters are drawn, it is seen that at the cutoff frequency ( ω = 1), |H(jω)| 2 ̸ = 0.5, while for the Chebyshev and Butterworth approximations, it is 0.5 .
An example can be seen in Figure 1 for n = 6.
To be able to obtain a similar response, the coefficients of the polynomials formed via conventional Chebyshev polynomial roots must be scaled. A shifted-modified new polynomial set can be obtained by the substitution ω → ω · ω x . Here, ω x is the frequency where the magnitude-squared frequency response is 0.5. For the given example, using Eq. (2) with P n (ω) = P m, 6 (ω), ω = 1 , and ε = 1 , ω x is 1.246 (see Figure 1) , and then the following shifted-modified polynomial is obtained: P s−m,6 (ω) = 3.7423 ω 6 − 3.6156 ω 4 + 0.8733 ω 2 (which is the fourth shifted-modified Chebyshev polynomial of degree 6 seen in Table 1 ). If the magnitude-squared frequency response is drawn again, the curve seen in Figure 2 is obtained. It is clear from Figure 2 that the obtained filter response has no ripple in the pass-band and stop-band, as in Butterworth filter. It can be concluded that the magnitude-squared frequency response of the shiftedmodified Chebyshev filter is better than that of the Butterworth (it is close to unity in a wider band in the pass-band) and the Chebyshev filter in the pass-band (there is no ripple in the pass-band). On the other hand, in the stop-band, it is better than that of the Butterworth filter, but worse than that of the Chebyshev filter. In the transition region, the Chebyshev filter has the sharpest response, and the proposed filter has a better transition response than that of the Butterworth filter.
As mentioned earlier, different n -order shifted-modified polynomials can be formed using lower-order conventional Chebyshev polynomial roots. Some of the combinations will give a quasi-equiripple pass-band response, while others will not. However, it should be mentioned that for all of the combinations, this ripple level is always less than or equal to that of the conventional Chebyshev approximation.
The pole locations of the transfer functions for a sixth-order Butterworth, shifted-modified Chebyshev, and conventional Chebyshev filter can be seen in Figure 3 . The left-most poles, the right-most poles, and the middle poles belong to the Butterworth, conventional Chebyshev, and proposed filter, respectively.
The amplitude and phase responses for a sixth-order Butterworth, shifted-modified Chebyshev, and conventional Chebyshev filter are given in Figures 4 and 5 , respectively. As can be seen in Figures 4 and 5 , the amplitude and phase response of the proposed filter is between those of the Butterworth filter and the conventional Chebyshev filter.
The group delay of the filters can be calculated by differentiating its phase response with respect to the angular frequency. It is known that the larger the ripple level of a conventional Chebyshev filter, the greater the group-delay around the cutoff frequency. As a result, signals with frequencies around the cutoff frequency stay within the filter for a longer duration, and naturally the output signal of the filter will be distorted.
The group-delay performance of the proposed filter is found between those of the Butterworth and conventional Chebyshev responses, as can be seen in Figure 6 . The impulse and step responses for a sixth-order conventional Chebyshev, a Butterworth, and the proposed filter can be seen in Figures 7 and 8, respectively. Once again, the proposed filter responses are found between the Butterworth and conventional Chebyshev approximations. Step responses for n = 6 .
In Table 1 , all of the possible modified and shifted-modified Chebyshev polynomials and frequency scaling factors (ω x ) are given from degrees 1 to 6. For all of the degrees, the first possibility is formed using the root of the conventional Chebyshev polynomial of degree 1 with a multiplicity of n. For instance, the first possibility for n = 6 is P m,6 (ω) = ω 6 , which is formed using the root of the conventional Chebyshev polynomial of degree 1 with a multiplicity of 6. As can be seen from Table 1 , there is no modification for the first possibilities between the modified and shifted-modified Chebyshev polynomials (ω x = 1). It can also be noted that these first possibilities are the same as the polynomials used for the Butterworth filters. Namely, it can be concluded that the polynomials used to obtain the Butterworth filters also have conventional Chebyshev polynomial roots; namely, the Butterworth polynomials of degree n have the root of the conventional Chebyshev polynomial of degree 1 with a multiplicity of n . In Table 2 , the element values for the low-pass inductor-capacitor (LC) ladder shifted-modified Chebyshev filter prototypes (3 dB ripple) are given from degrees 1 to 6, where g 0 and ω c are the normalized source resistance and normalized cut-off frequency, respectively. The first element (g 1 ) can be a series inductor or a parallel capacitor. Table 2 . Element values for the low-pass LC ladder shifted-modified Chebyshev filter prototypes ( g0 = 1, ωc = 1, n = 1 to 6 3 dB ripple). For the conventional Chebyshev approximation, none of the elements of the even-order filters have the same value, i.e. they are asymmetric, but the odd-order approximations are symmetric. On the other hand, for the proposed filters, the even-order filters can be designed to be symmetrical if both of the terminations are equal. However, the conventional Chebyshev filters with even orders have unequal termination impedances.
Another important filter parameter is the maximum-to-minimum element value ratio, g max /g min . This ratio must be kept as small as possible. As can be seen from Table 2 , different root combinations result in different g max /g min ratios.
Example
Here a sixth-order low-pass shifted-modified Chebyshev filter prototype will be designed using the element values given in Table 2 , where it can be seen that 10 different sixth-order filter prototypes can be designed and 2 of them have different terminations. Figure 9 presents 1 of the possible low-pass shifted-modified Chebyshev filter prototypes of degree 6. Moreover, the element values for the Butterworth and conventional Chebyshev filter prototypes of degree 6 are given in Figure 9 . The frequency and time domain characteristics of the filters are given in Section 3, in Figures  2 and 4-8 . The low-pass filter prototypes are normalized designs having a source impedance of R G = 1 and a cutoff frequency of ω c = 1. These designs must be scaled in terms of their impedance and frequency, and must be converted to produce high-pass, band-pass, or band-stop characteristics. The details of the scaling and transformation can be found in [24] .
Conclusion
In this paper, a new type of filter approximation method has been presented. Based on the conventional Chebyshev polynomial roots, new polynomials called modified Chebyshev polynomials have been defined, and then these polynomials have been shifted. These final polynomials are here referred to as shifted-modified Chebyshev polynomials, to be utilized for the designing of new types of filter prototypes.
This study has shown that these new filters have higher roll-off characteristics than Butterworth filters and a much lower ripple in the pass-band than conventional Chebyshev filters. In addition, they have impulse and step responses between those of the Butterworth and Chebyshev filters. Such shifted-modified Chebyshev filters can thus serve as a bridge between the Butterworth and conventional Chebyshev filters.
